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Abstract In this paper we study a Langevin approach to modeling of subdiffusion in the
presence of time-dependent external forces. We construct a subordinated Langevin process,
whose probability density function solves the subdiffusive fractional Fokker-Planck equa-
tion. We generalize the results known for the Lévy-stable waiting times to the case of infi-
nitely divisible waiting-time distributions. Our approach provides a complete mathematical
description of subdiffusion with time-dependent forces. Moreover, it allows to study the
trajectories of the constructed process both analytically and numerically via Monte-Carlo
methodology.

Keywords Subdiffusion - Inverse subordinator - First-passage time - Fractional
Fokker-Planck equation - Infinitely divisible distribution

1 Introduction

Recent developments in the area of statistical physics confirm that the classical diffusion
models based on Brownian motion fail to provide satisfactory description of many complex
systems. Therefore, in the last few years one observes a rapid evolution of various alternative
models. Starting with the pioneering papers of Montroll et al., see [18], the physical and
mathematical community has shown a growing interest in the development of models for
anomalous diffusion processes. The notion of anomalous diffusion refers to a wide family of
stochastic processes characterized by certain deviations from the classical Brownian linear
time dependence of second moment [16].

Maybe the most relevant subclass of anomalous diffusion processes constitute subdif-
fusion processes, characterized through the sublinear in time second moment. The list of
systems displaying subdiffusive regime is very extensive. Its presence was empirically con-
firmed in condensed phases, ecology, charge carrier transport in amorphous semiconductors,
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nuclear magnetic resonance, diffusion in percolative and porous systems, transport on frac-
tal geometries and dynamics of a bead in a polymeric network, and protein conformational
dynamics, see [16] and references therein.

A common description of subdiffusive transport is in terms of the fractional Fokker-
Planck equation (FFPE) derived from the continuous-time random walk (CTRW) [1, 16,
17]. The study of subdiffusive dynamics in the presence of time-dependent force field F'(z),
giving rise to a modified FFPE, was recently proposed in [22]. The authors of the last paper
have derived the following version of the FFPE

aw(x,t)_[ F(t)a +1 az}p ) n
or | Wax Taae | T

w(x,0) =38(x), F(t) € C([0,00)) and & is the appropriate integro-differential operator
depending on the waiting-time distribution in the underlying CTRW scenario. Its precise
definition will be given in the next section.

Equation (1) is fundamental for statistical physicists in modelling of subdiffusion in time-
dependent force fields. It describes the evolution in time of the probability density function
(PDF) w(x, t) of some non-Markov stochastic process Y (¢). The process Y (¢) is called the
Langevin process corresponding to FFPE (1), or the stochastic representation of (1).

In this paper we construct rigorously a stochastic process Y (¢), whose PDF is a solution
of fractional Fokker-Planck equation (1). Our verification method is based on the exami-
nation of the moments of the constructed process. The obtained results generalize the ones
presented in [12, 13] for Lévy-stable waiting-time distributions. We extend the studies to
the general case of infinitely divisible distributions. In Sect. 2 we introduce all the necessary
mathematical definitions and properties, which will be helpful in our studies. In Sect. 3 we
construct a subordinated Langevin process Y () and prove that its PDF solves (1). Since
the solution of (1) in the explicit form is not known, in the last section we take advantage
of the obtained stochastic representation and introduce a strongly and uniformly convergent
approximation scheme. It allows to simulate numerically trajectories of Y () and to approx-
imate solutions of (1) using Monte-Carlo methods.

2 Preliminaries

Let us begin with recalling some basic facts concerning infinitely divisible distributions,
subordinators and their inverses. We say that a nonnegative random variable 7 is infinitely
divisible, if its Laplace transform takes the form [21]

E (e—uT) — e—\ll(u)’

where W () is the so-called Lévy exponent. It can be written as

W(u)=Au+ /w(l — e ") v(dx).
0

Here, A > 0 is the drift parameter. It is assumed here for simplicity that A = 0. The measure
v(dx) is the appropriate Lévy measure. Some important examples of nonnegative infinitely
divisible distributions are: one-sided Lévy stable, Pareto, gamma, Mittag-Leffler, and tem-
pered stable distributions.
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Given an infinitely divisible random variable 7" with the Lévy exponent W (), we intro-
duce the corresponding stochastic process {Ty (¢)};>0 via its Laplace transform

E (efuT\y(t)) — eft\ll(u).

Ty is called subordinator. It is a strictly increasing Lévy process. Its increments are nonneg-
ative, independent and stationary. Next, the first-passage time process defined as

Sy()=inf{t >0:Ty(r) > 1}, >0, 2)

is called the inverse subordinator. Since lim,_, o, Ty (t) = 00 a.s., Sy is well defined. Inverse
subordinators have found various applications in probability theory. Their relationship with
local times of some Markov processes is discussed in details in [2]. The connection be-
tween inverse subordinators and the theory of renewal processes can be found in [3, 11, 24].
Applications to finance and physics are discussed in [26] and [9, 14, 15, 23], respectively.

Sample paths of Sy (¢) are continuous and singular with respect to the Lebesgue measure.
Moreover, for every jump of Ty (7) there is a corresponding flat period of its inverse. The
flat periods of Sy (f) are characteristic for the subdiffusive dynamics, since they represent
waiting-times (or the trapping events in which the test particle gets immobilized) in the
underlying CTRW scenario. The function

U(t) = E(Sy(1))

is called the renewal function, [2]. In what follows, we make an additional assumption that
there exist a renewal density u(¢), i.e. a nonnegative function satisfying U (¢) = fot u(s)ds.

FFPE (1) and its solution w(x, t) was constructed in [22] as a limit distribution in the
appropriate CTRW scheme. Its derivation was based on the corresponding generalized mas-
ter equation with two additional physical conditions: the probability conservation in a given
state and under transition between different states. The probability balance for the site k
reads

pe(®) = jif (1) = ji (0).
Here the dot denotes the time derivative and jki(t) denote the gain and loss currents for a

site. The probability conservation for transitions between different sites gives the following
relation between the gain current in the state k and loss currents at neighboring sites

Je (0) = w1 1 (1) i (1) + Wig1 1 (1) jigy ().

Here, wy_; x(¢) and w4 x(¢) denote the probabilities of going to the right (from site k — 1
to site k) and to the left (from site k + 1 to site k), respectively. Moreover, the considered
here physical system is assumed to be infinite and spatially homogeneous.

Given an infinitely divisible distribution 7 > 0 (with the Lévy exponent W) represent-
ing the waiting-time distributions in the underlying CTRW scenario, the integro-differential
operator @ in (1) is defined as [22]

d t
of =" fo Mt — ) f(n)dy 3)

for sufficiently smooth function f. Here, the memory kernel M (¢) is defined via its Laplace
transform

- o0 1
M(u) = M @dt = ——. 4
(u) /0 e "M (r)dt T “
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@)
Note that \p( 5 ™ ?\:(u) as u N\ 0, therefore the Laplace transform is also written as

M (u) = ff;‘()m , [22]. The case of Lévy-stable waiting-times corresponds to W (u) o u®

with o € (O 1) being the stability parameter. In such case we have

0= )dt/< — D F)dy.

Thus, the operator ® is equal to the Riemann-Liouville fractional derivative operator ¢ D},
see [20]. This case was discussed in some details in [7, 12, 22] and gave rise to the discovery
two significant theoretical properties of subdiffusion, namely: the death of linear response
and the field-induced dispersion.

The authors of [22] showed the following result

Proposition 1 [22] Let m,(t) = ffooo x"w(x, t)dx denote the moments of the distribution
w(x,t) given in (1). Then, m, (t) satisfy the following recursive formula

mn(t):n/ F(t)®m,_ 1(l1)dt1+ Df Dm,,_»(t)dt )
withmy(t) =1 and m_(t) =0

It turns out that the above formula will play a crucial role in the proof of our main result
presented in the next section.

3 Langevin Picture

In this section, we solve the problem of stochastic representation of FFPE (1) with time-
dependent force F(¢). Recall the definition of Sy () in (2). Let us introduce the following
subordinated Langevin process

Y (1) = X(S¢ (1)), (6)
where {X (7)};>¢ is the solution of the Langevin equation
dX(t)=F(Ty(r))dt +dB(r), X(0)=0. (@)

Here, B(7) is the standard Brownian motion, independent of the subordinator 7y (7) and its
inverse Sy (¢). We will prove that the PDF of the subordinated Langevin process Y (¢) solves
FFPE (1). But first, let us discuss the structure of Y (r) = X (S¢(¢)). The inverse subordi-
nator Sy (¢) is related to the operator ® in FFPE (1), whereas the Langevin process X (t)
is related to the Fokker-Planck operator (the operator in square brackets in (1)). Processes
X and Sy are not independent. We stress the role of the process Ty (7), which must appear
in (7) in order to fulfill the physical requirement that the time-dependent force F (¢) should
vary in the real time 7. Indeed, since Ty (7) is inverse to Sy (), it cancels the effect of the in-
verse subordinator on the force F. Therefore, Sy (#) subordinates the process X (r) without
subordinating the time-dependent force.

The process Y () is non-Markov, due to the fact that the inverse subordinator Sy (¢) is
a local time of some Markov process [2]. Since FFPE (1) describes only one-dimensional
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distributions, the stochastic representation process (6) gives a complete mathematical picture
of subdiffusion. For the case of Markov Lévy driven Langevin systems see [5].

Using the fact that {Sy (f) < v} = {Ty(t) > t}, and by the standard method of compli-
cating the form of force F(¢), one can show that the process Y (¢) defined in (6) has the
following equivalent representation

Y () = / F(»)dSe(y) + B(Se (). ®
0

Here, the integral on the right side of (6) is interpreted pathwise as the Lebesgue-Stieltjes
integral. The above formula is very useful from the point of view of the stochastic analysis
of trajectories of Y (#) as well as its numerical simulation.

The next theorem is the main result of the paper:

Theorem 1 Let B(t) be the standard Brownian motion and let Sy (t) be the inverse subor-
dinator independent of B(t). Then, the PDF of the process

Y (1) =X (S (1)),

where X (t) is defined by the stochastic differential equation (7), is the solution of the
FFPE (1).

Proof Using (8) we get that the moments of Y () can be written as

rn(t)=E(Y"(l))=E<</ F(u)dSw(u)—FB(Sw(t))) )
0

n € N. We prove in the Appendix that r, (¢) satisfy the recursive formula

t _ 1 t
Fa(t) =n / F(t1><1>r,,71(r1)dn+% f Or, o (t))d1, ©)
0 0

with ro(t) = 1 and r_; (¢) = 0. Then, from (5) we get that moments m,, (¢) and r,, (¢) coincide.
Moreover, for fixed ) > 0 we have

to 2n
ranlto) = E(Y? (1)) <4"E (( / F(M)dsw(u)> ) +4"E (B (Su (1))
0

<4"M™E(S3'(to)) + 4" E(S4 (o)) E(B™ (1))

e 2n — 1! 4 e (2n)!

< 411M2n ,
= w2 (]) wn(1)2n

where M = sup,_, -, |F(s)|. Here, we have used the fact that

o0

o0
E(Sy (1)) = / x"P(Sy () > x)dx = / x”_lP(e_TW‘) > e )dx
0 0

= /OOX”’le"’e’“’“)dx L orm
—Jo RS

Consequently, the series Y oo, r2,(fp)2" /(2n)! is convergent for appropriately small z and
the characteristic function of Y (¢) is holomorphic in a neighborhood of zero. Therefore, the
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moments determine the distribution and the PDF of Y () is equal to the solution w(x, #y) of
FFPE (1). O

4 Simulation

In what follows, we propose a strongly and uniformly convergent approximation scheme
of the subordinated Langevin process Y (¢) defined in (6). It can be applied to simulate
trajectories of Y (¢) and to approximate solutions of (1) using Monte-Carlo methods.

Let § > 0 be the step length. We define the following approximation Sy s(¢) of the inverse
subordinator Sy (¢)

Sy s(t) = (min{n e N: Ty (6n) >t} — 1) 6. (10)

Next, we introduce the following approximation of the process Y (¢)

Y,;(t):/ F(u)dSy;s(u) + B(Sys(1), t=0. an
0

The next result shows the uniform convergence and verifies the order of convergence of the
above approximations. At this point, we make an additional assumption that the force F is
of bounded variation on every interval [0, #] and continuous. The function

Vi () = sng |F () = F(ti1),

i=1

where P = {all partitions of the interval [0, ¢]}, is called the total variation of F.

Theorem 2 For every T > 0 the introduced approximation processes Sy s(t) and Ys(t)
satisfy the following conditions

®
sup |Sy(s) — Sys(s)| <3 a.s.
0<s<T
(i) Let 0 < g < 1/2. Then, for appropriately small § > 0
sup [Y(s) = Ys(s)|<Cs+487 a.s.,
0<s<T
where C = supo 7 |F ()| +2Ve(T) — F(T) + F(0).
(iii)
E(Y(T)—Ys(T)) < C18+ C28"2,
where Cy = |F(T)| 4+ 2Ve(T) — F(T) + F(0) and C, = E(|B(1)|).

The proof follows the one presented in [12] for the Lévy-stable case.

To evaluate numerically the process Sy (), one must simulate the values Ty (6n), n =
1,2,.... Since Ty is a Lévy process, this can be done by one of the methods presented
in [19]. Some more efficient methods can be used for particular distributions (for the case of
stable distributions see [8, 25], for the geometric stable laws see [10]).
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To evaluate the process Y;(¢) it is enough to note that Sy s(¢) is a scaled renewal process.
Thus, the integral in (11) can be written as

; N
|| Fadsua =53 Firyn.
0

n=1

Here, N is an integer number such that Ty (6N) <t < Ty (6(N + 1)). Now, the sum on
the right side of the above formula as well as the trajectories of Brownian motion B(7),
can be easily calculated numerically. Therefore, sample paths of Ys(¢) are simulated very
efficiently.

Acknowledgements The paper was partially supported by the Foundation for Polish Science through the
Domestic Grant for Young Scientists (2009).

Appendix

Proof of formula (9) For the renewal function U (t) = E(S¢ (1)) we have

U = / P(Ty (x) < )dx = f /-fn,,(x)()’)dyd%
0 0 0

where fr,, (v is the PDF of the random variable Ty (x). Therefore, the Laplace transform of
the renewal density u () equals

oo oo . 0 v 1
u(s) = / / e frow@)dtdx = / eV — _—
o Jo Ty (x) A W (s)
Therefore, the operator ® in (1) has the form

d t
of0="1 /0 u(t — ) f()dy. (12)

The above formula gives us the useful link between the operator ® and the inverse subordi-

nator Sy (1).
an(t)=E(</ F(h)dSw(tl)) >
0

Let us now put
with n € N. We will first show that
t
an(t):n/ F(t)®a,_(t))dt. (13)
0

By iterating the change of variable formula for Lebesque-Stieltjes integral, we get

</ F(fl)dS\y(fl)>
0

:n!/ /1”'/%1 Ft)...F(t)dSy(t,)...dSy(t)). (14)
0 Jo 0

Now, we introduce the random measure on [0, co0) by putting IT((s, ¢]) = Sy (t) — Sy (s),
t > s > 0. Next, let {C(¢)},>0 be the Cox process directed by I1. Thus, conditionally on
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IT= A, C(¢) is equal in distribution to the inhomogeneous Poisson process with intensity A.
In such setting C(¢) is the renewal process with the renewal function [6]

E(C@1)) =E(Su(1) =U().
Moreover, for the renewal process C(¢) the following property holds [4]
E@C(t)...dC(1)) = 1_[ U(dt; — ti11),
i=1

where t| > t, > --- > t, > t,4.1 = 0. By the fact that the factorial moments of every Cox
process are equal to the ordinary moments of its directing measure, see [4], we get

E(dSy(n)...dSy(t)) = [ JU@n — tis).

i=1

Thus, using (14) with the above result, we have

a,,(t):E(n!/ /‘1“./%1 F(tl).‘.F(tn)dSw(tn)...dS\p(tl))
0o Jo 0

1 n th—1 "
:n!/ / / [[F@u@ —tipnar,...dn.
o Jo 0 i

Consequently,
t 1 d
a,(t) = n/ F(fl)/ u(ty — ) ——a,_1()dndh
0 0 dn

t
= n/ F(t)®a,_(t)dt.
0

Next, let us put
b,(t) = E(B"(Sy(1))).

Clearly, forn =2m — 1, m € N, we have b, (t) = 0. For n = 2m, by conditioning arguments
in combination with (13), we obtain

by(t) = E(Sy (1) E(B" (1)) =m(n — 1)/ DE(Sy ™ (1) E(B"*(1))dn
0

_nre=l / Oby_a(1)dH. (15)
2 0

Let us now define

Cen() = E ((B(Sw(t)))k (/ F(tl)dSw(tl)) )
0

with k,n € N. If k =2m — 1, m € N, then by conditioning ¢; ,(t) =0. For k =2m, m € N,

we will show that

k(k—1)
2

Ck,n(f)=”/ F(t)®cy -1 (t)dt + / Depnn(t)dly. (16)
0 0

@ Springer



Langevin Picture of Subdiffusion with Infinitely Divisible Waiting Times 771

‘We have

cen(t) = E(BX(1)E <S§/2<r> ( f t F(m)dsm)) ) :
0

Integrating by parts and iterating the change of variables formula, we get

2 ( / F(1)dSy (n))
0

:n!/ /1--~/"_1]_[F(z,-)séf(t.)dsu,(tn)...dsw(tl)
0 Jo 0 i

n+1

+n!k/2/ /1---f"HF(ti)Sfy/z‘l(r1>dsw(zn+1)...dsw(rl).
0o Jo 0 j_n

Moreover, for every g € N, we have

n tq
sy =at [ [ dsutu..dsue)
0 0

Now, repeating the arguments from the case a, (¢) in (13), we get
t 2 d
Cen(t) = "/ F(ll)/ u(ty — t2) ——cra—1()dnrdty
0 0 dn
k(k—1) [ 1 d
_ tH — ) —cCr_2,(tr)dtrdt
+— /0/(; u(t 2)dt2Ck 2.0 (2)dtadty

! k(k—1) ['
= "/ F(t)®cy -1 (t)dt) + Tf Dcy_p , (1)dty,
0 0

which yields (16).
Finally, using the Newton’s binomial expansion, we get that formula (9) is equivalent to

n n n—1 n—1 t
Ckuik(t) =n ( )f F(t)®cp k-1 (t1)dt
(o= (")
n—2

-1 ) '
* "(”T) Z <n k )/O P n—k—2(t1)dy. (17)

k=0

Thus, taking advantage of (13), (15) and (16), we get that (17) and equivalently (9) hold. [J

References

1. Barkai, E., Metzler, R., Klafter, J.: From continuous time random walks to the fractional Fokker-Planck
equation. Phys. Rev. E 61, 132-138 (2000)

2. Bertoin, J.: Lévy Processes. Cambridge University Press, Cambridge (1996)

3. Bertoin, J., van Harn, K., Steutel, F.W.: Renewal theory and level passage by subordinators. Stat. Probab.
Lett. 45, 65-69 (1999)

4. Daley, D.J., Vere-Jones, D.: An Introduction to the Theory of Point Processes, vol. 1, 2nd edn. Springer,
New York (2003)

@ Springer



772 M. Magdziarz

5. Eliazar, L, Klafter, J.: Lévy-driven Langevin systems: Targeted stochasticity. J. Stat. Phys. 111, 739-768
(2003)
6. Grandell, J.: Doubly Stochastic Poisson Processes. Lecture Notes Math., vol. 529. Springer, Berlin
(1976)
7. Heinsalu, E., Patriarca, M., Goychuk, I., Hianggi, P.: Use and abuse of a fractional Fokker-Planck dy-
namics for time-dependent driving. Phys. Rev. Lett. 99, 120602 (2007)
8. Janicki, A., Weron, A.: Simulation and Chaotic Behaviour of «-Stable Stochastic Processes. Marcel
Dekker, New York (1994)
9. Jurlewicz, A., Weron, K., Teuerle, M.: Generalized Mittag-Leffler relaxation: Clustering-jump
continuous-time random walk approach. Phys. Rev. E 78, 011103 (2008)
10. Kotz, S., Kozubowski, T.J., Podgodrski, K.: The Laplace Distribution and Generalizations. A Revisit with
Applications to Communications, Economics, Engineering and Finance. Birkhduser, Boston (2001)
11. Lageras, A.N.: A renewal-process-type expression for the moments of inverse subordinators. J. Appl.
Probab. 42, 1134-1144 (2005)
12. Magdziarz, M.: Stochastic representation of subdiffusion processes with time-dependent drift. Stoch.
Proc. Appl., submitted (2008)
13. Magdziarz, M., Weron, A., Klafter, J.: Equivalence of the fractional Fokker-Planck and subordinated
Langevin equations: The case of a time-dependent force. Phys. Rev. Lett. 101, 210601 (2008)
14. Meerschaert, M.M., Scheffler, H.P.: Stochastic model for ultraslow diffusion. Stoch. Proc. Appl. 116,
1215-1235 (2006)
15. Meerschaert, M.M., Benson, D.A., Scheffler, H.P., Bacumer, B.: Stochastic solution of space-time frac-
tional diffusion equations. Phys. Rev. E 65, 041103 (2002)
16. Metzler, R., Klafter, J.: The random walk’s guide to anomalous diffusion: A fractional dynamics ap-
proach. Phys. Rep. 339, 1-77 (2000)
17. Metzler, R., Barkai, E., Klafter, J.: Anomalous diffusion and relaxation close to thermal equilibrium:
A fractional Fokker-Planck equation approach. Phys. Rev. Lett. 82, 3563-3567 (1999)
18. Montroll, E.-W., Weiss, G.H.: Random walks on lattices II. J. Math. Phys. 6, 167-181 (1965)
19. Rosinski, J.: Simulation of Lévy processes. In: Encyclopedia of Statistics in Quality and Reliability:
Computationally Intensive Methods and Simulation. Wiley, New York (2008)
20. Samko, S.G., Kilbas, A.A., Maritchev, D.I.: Integrals and Derivatives of the Fractional Order and Some
of Their Applications. Gordon and Breach, Amsterdam (1993)
21. Sato, K.-I.: Lévy Processes and Infinitely Divisible Distributions. Cambridge University Press, Cam-
bridge (1999)
22. Sokolov, .M., Klafter, J.: Field-induced dispersion in subdiffusion. Phys. Rev. Lett. 97, 140602 (2006)
23. Stanislavsky, A.A., Weron, K., Weron, A.: Diffusion and relaxation controlled by tempered-stable
processes. Phys. Rev. E 78, 051106 (2008)
24. van Harn, K., Steutel, F.W.: Stationarity of delayed subordinators. Stoch. Models 17, 369-374 (2001)
25. Weron, R.: On the Chambers-Mallows-Stuck method for simulating skewed stable random variables.
Stat. Probab. Lett. 28, 165-171 (1996)
26. Winkel, M.: Electronic foreign-exchange markets and passage events of independent subordinators.
J. Appl. Probab. 42, 138-152 (2005)

@ Springer



	Langevin Picture of Subdiffusion with Infinitely Divisible Waiting Times
	Abstract
	Introduction
	Preliminaries
	Langevin Picture
	Simulation
	Acknowledgements
	Appendix
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


